SOME RESULTS ON HARMONIC MEAN GRAPHS

ABSTRACT

A graph G with p vertices and q edges is called a harmonic mean graph if it is possible to label
the vertices XeV with distinct labels f(x) from {1,2,.....q+1} in such a way that each edge e = uv is

; _ |2ff () 2f(W)f ) . .
labeled with f(uv) = [f(u)+f(v)] (or) [f( T )J then the edge labels are distinct. In this case f

is called Harmonic mean labeling of G. In this paper we prove that some families of graphs such

as Tad pole T (nt), T (nt) O K;,

Tt OK,T(nt) O K,are harmonic mean graphs.
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1. Introduction:

Let G=(V,E) be a (p,q) graph with p =
|[V(G)| vertices and q =|E(G)| edges, where
V(G) and E(G) respectively denote the
vertex set and edge set of the graph G. In
this paper, we consider the graphs which
are simple, finite and undirected. For graph
theoretic terminology and notations we
refer to Harary [4]

The concept of graph labeling was
introduced by Rosa [1] in 1967. A detailed
survey of graph labeling is available in
Gallian[6].The concept of Harmonic mean
labeling of graph was introduced by
S.Somasundaram, R.Ponraj and
S.S.Sandhya and they investigated the
existence of harmonic mean labeling of
several family of graphs such as path,
comb, cycle C,,, in [10,11]. The following
definitions are useful for the present

investigation.

Definition: 1.1
A Graph G = (V, E) with p vertices and

q edges is called a Harmonic mean graph if

it is possible to label the vertices x €V with

distinct labels f(x) from {1,2,...,q+1} in

such a way that when each edge e = uv is

labeled with f(uv) = [}fg)"—%] (or)
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lZf(u)f(V)

f(u)+f(v)J then the resulting edge labels are

distinct. In this case f is called Harmonic
mean labeling of G.

Definition: 1.2
A tadpole T (n,t) is the graph obtained

by appending a path P, to a cycle C,, .

In this paper we prove that Tad pole T (n,t),
TOHOK,TM)OK,,T(nt) O K, are
harmonic mean graphs.

2. Harmonic mean labeling of graphs

Theorem:2.1

The tadpole T (n,t) is a harmonic

mean graph.
Proof:

Let u u,, ..,unu; be the cycle C,
and let vy, v,, ..., v, be the vertices of path
P, which are joined to the vertex u; of cycle
Cn, 1< i < n. Then the resultant graph is
tadpole T (n,t).

Define a function f :V(G) - {1,2,...,q + 1}

by
fwp)) =i for 1<i<n
f(vy)) = n+i for 1<i<n

Then the resulting edge labels are distinct.

fuqu)) =1
f(ui_lul-) = n for 2<i<n-1
f(upvy) = n+l

fWivig) = (1) +i

Thus, f provides a harmonic mean labeling
of graph G.

Hence G is a harmonic mean graph.
Example:2.2

A harmonic mean labeling of tadpole

T (5,6) is given in fig 2.2

Fig (2.2)

Theorem:2.3
The tadpole T (n,t) © K; is a harmonic
mean graph.
Proof:

Let G be the tadpole graph, and let
V1, Vo, .., V be the vertices of K; which are
joined to the vertex u; of the cycle G, , 1<
i <n.lLetxq,x,, ..., X, be the vertices of K;
which are joined to the vertex w; of the path

P, , 1< i < n. Then the resultant graph is
T (n,t) © K, graph.
Define a function f:V(G)- {1,2,...,q + 1}

by

fw) = 2i for 1<i<n
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f(v) = 2-1 for 1<i<n
f(w) = 2n+2i for 1<i<n
f(x) = (2n+1)+2(i-1) forl<i<n

Then the resulting edge labels are distinct.

fyv)=1

fuv) =2i for 2<i<n
f(unul) = 3

fluuy) = 2

fujuipq) = 2i+1  for 2<i<n-1
f(upwy) = 2n+l
fw;w;q) =2n+ 3+ 2(i-1) for 2<i<n-—1
flw;x;)) = 2n+2+2(i-1) for 2<i<n
Thus f provides a harmonic mean labeling
of graph G.
Hence G is a harmonic mean graph.
Example:2.4
A harmonic mean labeling of tadpole

T (7,7) O K, is given in fig 2.4

T

15 17 19 21 23 25 27

Fig (2.4)
Theorem:2.5

The tadpole T (n,t) © K, is a harmonic

mean graph.

Proof:

Let G be the tadpole graph, and let
w;, v; be the vertices of K, which are joined
to the vertex u; of the cycle C, ,1<i < n.
Lety;, z; be the vertices of K, which are
joined to the vertex x; of the path B, , 1<
i < n. Then the resultant graph is
T (n,t) © K, graph.

Define a function f : V(G) - {1,2,...,q + 1}

by
f(w) = 3i-1 for 1<i<n
f(v) = 3i-2 for 1<i<n
fw) = 3i for 1<i<n

f(x;) =3n+2+3(i-1) for 1<i<n
f(y;) =3n+1+3(i-1) for 1<i<n
f(z;)) =3n+3+3(i-1) for 1<i<n
Then the resulting edge labels are distinct.
fluuy) = 3
fuiuipq) = 3itl for 2€<i<n-1
fuvy)) = 1

fuv) = 3i-l for 2<i<n

fluwy) = 2
fuw) = 3i for 2<i<n
f(unx1) = 3n+l

f(xixip1) = 3n+1+3i forl<i<n-1

f(x;y;)) = 3n+2+3(i-1) for 1<i<n

Research and Reflections on Education ISSN 0974-648X(P) Vol. 20 No.3A October 2022 69




SOME RESULTS ON HARMONIC MEAN GRAPHS

f(xiz;)) = 3n+3+3(i-1) for 1<i<n
Thus f provides a harmonic mean labeling
of graph G.

Hence G is a harmonic mean graph.
Example:2.6

A harmonic mean labeling of tadpole

T (715) © K, is given in fig 2.6

/\

Fig (2.6)
Theorem:2.7

The tadpole T (n,t) © K,a harmonic mean
graph.
Proof:

Let G be the tadpole graph, and let
w;, v; be the vertices of K,which are joined
to the vertex u; of the cycle C,,1<i <n.
Let y;, z; be the vertices of K, which are
joined to the vertex x; of the path B, , 1<
i < n. Then the resultant graph is
T (n,t) © K, graph.

Define a function f : V(G)- {1,2,...,q + 1}

by
f(u) =4i-1 for 1<i<n
f(v) =1

f(v) = 4i for 2<i<n
fw) =4

f(w;) =4i-3 for 2<i<n
f(x1) = 4n+3

f(xiz1) =4n+3+4i for 1<i<n-1
f(1)
f(Viy1) =4n+1+4i for 1<i<n-—-1

f(z1)
f(ziy1) =4n+4+4i for

=4n+l

=4n+4
1<i<n-1

Then the resulting edge labels are distinct.

fumuy) = 4

f(ujujy) = 4i+1 for 2<i<n-1
f(upvy) = 5

fyv)) = 1

fyv) = 4i for 2<i<n
fluwy) = 3

flyw;) = 4i-2 for 2<i<n
f(riwy) = 2

flowy) = 4i-1 for 2<i<n
f(unx;) = 4n+l

f(xixip1)= 4n+1+4i for 1<i<n-1
fQxy) = 4n+2

f(Xis1Yig1) =4n+2+4j for 1<i<n-1
flaz) = 4n+d

f(Xis1Zig1) =40+t 4+4i forl<i<n-1
f(y121)

f(Viz1Zig1) =4n+ 3+4ifor 1I<i<n-1

= 4n+3

Research and Reflections on Education ISSN 0974-648X(P) Vol. 20 No. 3A October 2022 70




SOME RESULTS ON HARMONIC MEAN GRAPHS

Thus f provides a harmonic mean labeling
of graph G.
Hence G is a harmonic mean graph.

Example:2.8

A harmonic mean labeling of tadpole

T 85 O K,

17

is given in fig 2.8

AAAAA

2 3 6 37 40 a 4 5 8
12

Fig (2.8)

Conclusion:
We have presented new results on
Harmonic mean labeling of certain classes

of graphs like the Tad pole T (n,t), T (n,t) ©
Ky, T (nt) © K, .Analogous work can be
carried out for other families and in the
context of different types of graph labeling

techniques.
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