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Introduction: 

  “Somasundaram and Ponraj have 

introduced the mean labeling” [5]. In this 

paper graph G refers to simple graph 

definition and notations in graph theory 

follow “Bondy Murthy” [2] throughout this 

paper we discuss Mean number of certain 

graphs here MNL denotes Mean number 

labeling, ML-Mean labeling.   

Definition 1.1 

    The comb graph is defined by  𝑃𝑛 ⊙ 𝐾1. 

It has 2𝑛 vertices and 2𝑛 − 1 edges. 

Definition 1.2 

    Let 𝐺 be a (𝑝, 𝑞) graph. A function 𝑓 is 

called Mean Graph of G. It is possible to 

label the vertices 𝑣 ∈ 𝑉 with distinct label 

𝑓(𝑥) from 1,2,3, … . , 𝑠 in such a way that 

when each 𝑒 is labeled with 𝑓(𝑒) =

[
𝑓(𝑥)+𝑓(𝑦)

2
]  𝑖𝑓 𝑓(𝑥) +

𝑓(𝑦) 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 [
𝑓(𝑥)+𝑓(𝑦)+1

2
]  𝑖𝑓 

 𝑓(𝑥) + 𝑓(𝑦) 𝑖𝑠 𝑜𝑑𝑑 then the resulting edge 

labels are distinct. In this case f is called 

mean graph. 

Definition 1.3  

  𝐺 be a graph and 𝑔:V(𝐺) →

{1,2,3, … , 𝑝 + 𝑞} is a function such that the 

labels of the edge 𝑢𝑣 is  𝑔(𝑒) =

{
[

𝑔(𝑢)+g(𝑣)

2
]

[
𝑔(𝑢)+𝑔(𝑣)+1

2
]
𝑜𝑟}   and {(𝑔(𝑉(𝐺)) ∪

(𝑔(𝑒))| 𝑒 𝜖 𝐸(𝐺)} ⊆ {1,2,3, … , 𝑛}. If 𝑛 is 

the least positive integer which satisfies 

there is no common labels in vertex and 
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edge is called the mean number of graph G 

and is denoted by 𝑚(G). 

 

2. Important Result 

Theorem 2.1  

   For the path  𝑃𝑟 ,  r ≥ 3  is a mean graph, 

Then 𝑚(𝑃𝑟) = 2𝑟 − 1. 

Proof: 

          Let 𝐺 = 𝑃𝑟, with  𝑛(𝐺) = 𝑟 and 

𝑒(𝐺) = (𝑟 − 1). 

𝑉(𝐺) = {𝑣𝑗}
𝑗∈[1,𝑟]

 

𝐸(𝐺) = {𝑒𝑗; 1 ≤ 𝑗 < 𝑟} 

𝑁(𝑣𝑗) = {𝑣𝑗−1, 𝑣𝑗+1; }
𝑗∈(1,𝑟)

  

𝑁(𝑣1) = {𝑣2} 𝑎𝑛𝑑  

𝑁(𝑣𝑟) = 𝑣𝑟−1 

𝑀𝐿(𝑣𝑗) = {(2𝑗 − 1): 𝑗 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑟}  

 𝑀𝐿(𝑒𝑗) = {2𝑗; 1 ≤ 𝑗 ≤ (𝑟 − 1)}  

There are no common labels in vertex and 

edge. 

Thus, G satisfies the mean number 

condition. 

  Therefore,  𝑚(𝑃𝑟) = 2𝑟 − 1. 

Theorem 2.2 

     For 𝑛 ≥ 3,𝑃𝑠 ⊙ 𝐾1 is a mean graph then 

𝑚(𝑃𝑠 ⊙ 𝐾1) = 4𝑠 − 1. 

Proof: 

 Let 𝐺′ = 𝑃𝑠 ⊙ 𝐾1 , |𝑉(𝐺′)| =

2𝑠 𝑎𝑛𝑑 |𝐸(𝐺′)| = 2𝑠 − 1. 

𝑉(𝐺′) = {𝑣𝑖 , 𝑣𝑖
′; (1 ≤ 𝑖 ≤ 𝑠)} 

𝐸(𝐺′) = {
𝑒𝑖; 1 ≤ 𝑖 < 𝑠

𝑒𝑖
′; 1 ≤ 𝑖 ≤ 𝑠

} 

𝑁(𝑣𝑖) = {𝑣𝑖−1, 𝑣𝑖+1, 𝑣𝑖
′; 1 < 𝑖 < 𝑠} 

𝑁(𝑣1) = {𝑣2, 𝑣1
′ } 𝑎𝑛𝑑 𝑁(𝑣𝑠) = {𝑣𝑠−1, 𝑣𝑠

′} 

𝑓(𝑒𝑖) = {𝑣𝑖𝑣𝑖+1; 1 ≤ 𝑖 < 𝑠} 

𝑓(𝑒𝑖
′) = {𝑣𝑖𝑣𝑖

′; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑠}  

The vertex and edge mean number labeling 

pattern of G are, 

𝑀𝐿(𝑣𝑖) = {
4𝑖 − 1 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
4𝑖 − 3 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

} 

𝑀𝐿(𝑒𝑖) = {4𝑖; }𝑖∈[1,𝑠−1] 

𝑀𝐿(𝑒𝑖
′) = {4𝑖 − 2; 𝑖 = 1  𝑡𝑜 𝑠} 

𝑓(𝑉(𝐺′) ∩ 𝐸(𝐺′)) = ∅ 

Thus we have, 𝑚(𝑃𝑠 ⊙ 𝐾1) = 4𝑠 − 1 

 

Theorem 2.3 

 The total path graph 𝑇(𝑃𝑛) is mean 

graph and its mean number is 2(3𝑛 − 3). 

Proof: 

 Given, 𝑇(𝑃𝑛) is a mean graph,  

|𝑉(𝑇(𝑃𝑛))| = 2𝑛 − 1 𝑎𝑛𝑑  

|𝐸(𝑇(𝑃𝑛))| = 4𝑛 − 5. 

𝑉(𝑇(𝑃𝑛)) = {
𝑣𝑖; 1 ≤ i ≤ n

vi
′; 1 ≤ 𝑖 < 𝑛

} 

𝐸(𝑇(𝑃𝑛)) = {

𝑒𝑖; 1 ≤ 𝑖 < 𝑛

𝑒𝑖
′; 1 ≤ i ≤ (2n − 2)

e"i; 1 ≤ 𝑖 ≤ (𝑛 − 2)
} 

𝑁(𝑣𝑖) = {𝑣𝑖+1, 𝑣𝑖−1
′ , 𝑣𝑖−1, 𝑣𝑖

′; 1 < 𝑖 < 𝑛} 

𝑁(𝑣1) = {𝑣2, 𝑣1
′ }; 𝑁(𝑣𝑛) = {𝑣𝑛−1, 𝑣𝑛−1

′ } 

𝑁(𝑣𝑖
′) = {𝑣𝑖−1

′ , 𝑣𝑖+1
′ , 𝑣𝑖 , 𝑣𝑖+1; 1 < i

< (n − 1)} 

𝑁(𝑣1
′ ) = {𝑣2

′ , 𝑣1, 𝑣2}; 𝑁(𝑣′𝑛−1)

= {𝑣𝑛−1, 𝑣𝑛−2, 𝑣𝑛} 

𝑓(𝑒𝑖) = {𝑣𝑖𝑣𝑖+1}𝑖∈[1,𝑛−1] 
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𝑓(𝑒2𝑖−1
′ ) = {𝑣𝑖𝑣𝑖

′; 1 ≤ 𝑖 ≤ 𝑛} 

𝑓(𝑒𝑖
") = {v′

ivi+1
′ ; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 (𝑛 − 2)} 

The MNL pattern of G is, 

𝑀𝐿(𝑣1) = 1; 

𝑀𝐿(𝑣𝑖) = {2(3𝑖 − 3) 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 2 𝑡𝑜 𝑛; } 

𝑀𝐿(𝑣′
1) = 3; 

𝑀𝐿(𝑣𝑖
′) = {2(3𝑖 − 1); 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 (𝑛 − 1)} 

𝑀𝐿(𝑒1) = 4; 

𝑀𝐿(𝑒𝑖) = {6𝑖 − 3; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 2 𝑡𝑜 𝑛} 

𝑀𝐿(𝑒𝑖
′) = {3𝑖 − 1; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 2𝑛 − 2} 

𝑀𝐿(𝑒"𝑖) = {6𝑖 + 1; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑛 − 1} 

𝑓(𝑛(𝑇(𝑃𝑛))) ∩ 𝑓(𝑒(𝑇(𝑃𝑛))) = ∅ 

Hence, 𝑚(𝑇(𝑃𝑛)) = 2(3𝑛 − 3) 

 

Theorem 2.4 

 For the Hurdle graph 𝐻𝑑𝑡 is mean 

graph and its 𝑚(𝐻𝑑𝑡) = 4𝑡 − 5. 

Proof: 

 Let 𝐺 = 𝐻𝑑𝑡 here  2𝑡 − 2 vertices 

and 2𝑡 − 3 edges. 

                                                 𝑉(𝐺) =

{
𝑢𝑖; 𝑖 = 1 𝑡𝑜 𝑡

𝑢𝑖
′; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚  1 𝑡𝑜 (𝑡 − 2)

}  

𝐸(𝐺) = {
𝑒𝑖; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑡

𝑒′𝑖; 𝑖 = 1,2, … , (𝑡 − 2)
} 

 

𝑁(𝑢𝑖) = {𝑢𝑖−1, 𝑢𝑖+1, 𝑢𝑖
′, 𝑢′

𝑖−1; 𝑖

= 2,3, … , (𝑡 − 1)} 

𝑁(𝑢1) = {𝑢2}; 𝑁(𝑢𝑡) = {𝑢𝑡−1} 

𝑁(𝑢′
𝑖) = {𝑢𝑖+1} 

𝑓(𝑒𝑖) = {𝑢𝑖𝑢𝑖+1; 𝑖 = 1,2, … , (𝑡 − 1)} 

𝑓(ei
′) = {𝑢𝑖+1𝑢𝑖

′; 𝑖  𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜  𝑡

− 2} 

We describe a mean number labeling as 

follow, 

𝑀𝐿(𝑢𝑖) = {
4𝑖 − 3 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

4𝑖 − 5 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
} 

𝑀𝐿(𝑢′𝑖) = {
4𝑖 − 1 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

4𝑖 + 1 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
} 

𝑀𝐿(𝑒𝑖) = {4𝑖 − 2 ; 𝑖 = 1,2, … , 𝑡 − 1} 

𝑀𝐿(ei
′) = {4𝑖; 𝑖 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑡 − 2} 

𝑓(𝑉(𝐺)) ∩ 𝑓(𝐸(𝐺)) = ∅ 

Hence 𝑚(𝐻𝑑𝑡) = 4𝑡 − 5. 
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