
ON 𝑛𝐼𝑠𝛼 𝑔 − SUBMAXIAMAL SPACES 

 
 

 

1. Introduction: 

     M.Lellis Thivagar[4] proposed the 

notion of N.T.Sp. Parimala et.al[6] brought 

up the idea of ideals in N.T.Sp. and 

investigated certain properties. In this 

paper, we present the notion of 𝑛𝐼𝑠α𝑔 − 

locally − ⋆ − closed set (briefly, 𝑛𝐼𝑠α𝑔 −
𝐿⋆𝐶. 𝑆.) and discussed their characteristics. 

Further, we have introduce the notion of 

𝑛𝐼𝑠α𝑔 − submaximal space (briefly, 

𝑛𝐼𝑠α𝑔 − Sub.Max. Sp.) and investigated 

certain characteristics. 

2.Preliminaries 

Definition 2.1 A subset 𝒞 of a 

N.T.Sp.(Γ, ℳ) is labeled as nano semi α − 

open sets (briefly, 𝑛𝑠α − Op.S.)[9]  if there 

exists a 𝑛α − Op.S. 𝒫 in Γ such that 𝒫 ⊆
𝒞 ⊆ 𝑛 − 𝑐𝑙(𝒫) or equivalently if 𝒞 ⊆ 𝑛 −
𝑐𝑙(𝑛α − 𝑖𝑛𝑡(𝒫)).  

Definition 2.2 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

and (. )𝑛
∗  be a set operator from  𝔔(Γ)  →

  𝔔(Γ), ( 𝔔(Γ)) is the powerset of Γ). For 

a subset 𝔄 ⊂ Γ, 𝔄𝓃
∗  (ℐ, ℳ) = {𝑥 ∈

Γ: 𝒬𝓃 ∩ 𝔄 ∉ ℐ for every 𝒬𝓃 ∈ 𝒬𝓃(𝑥)} is 

termed as 𝑛- local function[6] of 𝔄 with 

respect to ℐ and 𝒩. We will simply write 

𝔄𝓃
∗  for 𝔄𝓃

∗ (ℐ, 𝒩). 

Definition 2.3 A subset ℍ of a 𝑛ℐ Sp. 
(Γ, ℳ, 𝒥) is labeled as nano ideal semi  α 

generalized Cl.S. (briefly,  𝑛𝐼𝑠α𝑔 − Cl.S. 

)[10] if ℍ𝓃
∗ ⊆ 𝔎 whenever ℍ ⊆  𝔎 and 𝔎 

is  𝑛𝑠α − Op.S. 

Definition 2.4 A subset ℍ of a ℐ Sp. 

(Γ, 𝔗, 𝒥) is labeled as ∗ − dense set 

(briefly, ∗ − Dn.S.) [5] if 𝑐𝑙∗(ℍ) = Γ. 

 

 

Definition 2.5 A subset ℍ of a 𝑛ℐ Sp. 

(Γ, ℳ, 𝒥) is labeled as ℳ∗ − Dn.S.[7]  if 

𝑛 − 𝑐𝑙∗(ℍ) = Γ. 
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Definition 2.6 A subset ℍ of a 𝑛ℐ Sp. 
(Γ, ℳ, 𝒥) is labeled as 𝑝𝑟𝑒 − 𝑛𝐼 − 𝑜𝑝𝑒𝑛 

[11] if ℍ ⊆ 𝑛 − 𝑖𝑛𝑡(𝑛 − 𝑐𝑙∗(ℍ)). 

 

Definition 2.7 An ideal ℐ in a 𝑛ℐ Sp. 
(Γ, ℳ, 𝒥) is called 𝒩 − condense ideal [8] 

if 𝒩 ∩ ℐ = ∅. 

Definition 2.8 A subset ℍ of an ℐ Sp. 
(Γ, ℐ) is labeled as ℐ- 𝐿⋆𝐶. 𝑆.S.[5] if there 

exists an Op.S. Γ and a ∗ − Cl.S. 𝔣 such 

that ℍ = Γ ∩ 𝔣. 
Definition 2.9 A T.Sp. (Γ, 𝔗) is labeled as 

a 𝑔 − Sub.Max. Sp. [2] if every Dn.S. is 

𝑔 − Op.S.  

 

Definition 2.10 An ℐ Sp. (Γ, 𝔗, ℐ) is 

labeled as an ℐ − Sub.Max. Sp. [1] if every 

∗ − Dn.S. is Op.S.  

3. 𝒏𝑰𝒔𝛂𝒈 − Locally − ⋆ − Closed Sets 

Definition 3.1 A subset ℍ of a 𝑛ℐ Sp. is 

𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆. if there exists an 𝑛𝐼𝑠α𝑔 − 

Op.S. 𝒬 and a 𝑛∗ − Cl.S. 𝔣 such that ℍ =
𝒬 ∩ 𝔣.  
Example 3.2 Let Γ = {𝓇1, 𝓇2, 𝓇3, 𝓇4}; 

Γ/ℛ = {{𝓇1}, {𝓇2, 𝓇4}, {𝓇3}} ; 𝒳 =
{𝓇2, 𝓇4} ; 𝒥 = {∅, {𝓇2}}. ℳ = {∅, Γ, 
{𝓇2, 𝓇4}}. 𝑛𝐼𝑠α𝑔 −Cl.S.s are ∅, Γ, {𝓇2}, 
{𝓇1, 𝓇3}, {𝓇1, 𝓇2, 𝓇3}, {𝓇1, 𝓇3, 𝓇4}.  𝑛∗ − 

Cl.S.s are ∅, Γ, {𝓇2}, {𝓇1, 𝓇3}, {𝓇1, 𝓇2, 𝓇3}. 

Here, the 𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆.s are ∅, Γ, 
{𝓇2}, {𝓇4}, {𝓇1, 𝓇3}, {𝓇2, 𝓇4}, {𝓇1, 𝓇2, 𝓇3}, 
 {𝓇1, 𝓇3, 𝓇4}. 

Theorem 3.3 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

and ℍ be a subset of Γ. Then the 

underneath affirmations are analogous. 

(a)  ℍ is 𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆. 
(b)  ℍ = 𝒬 ∩ (𝑛 − 𝑐𝑙∗(ℍ)) for 

some 𝑛𝐼𝑠α𝑔 − Op.S. 𝒬. 

(c)  (𝑛 − 𝑐𝑙∗(ℍ)) − ℍ = ℍ𝓃
∗ − ℍ 

is 𝑛𝐼𝑠α𝑔 − Cl.S. 

(d)  ℍ ∪  (Γ  − (𝑛 − 𝑐𝑙∗(ℍ))) =
ℍ ∪ (Γ  − ℍ𝓃

∗ ) is 𝑛𝐼𝑠α𝑔 − 

Op.S. 

Proof:  (𝑎) ⟹ (𝑏): If ℍ is 𝑛𝐼𝑠α𝑔 −
𝐿⋆𝐶. 𝑆., then there exists a 𝑛𝐼𝑠α𝑔 − Op.S. 

𝒬 and a 𝑛∗ − Cl.S. 𝔣 such that ℍ = 𝒬 ∩ 𝔣. 
Clearly, ℍ ⊂ 𝒬 ∩ 𝑛 − 𝑐𝑙∗(ℍ). Since 𝔣 is 

𝑛∗ − Cl.S., 𝑛 − 𝑐𝑙∗(ℍ) ⊂ 𝑛 − 𝑐𝑙∗(𝔣) = 𝔣 
and so 𝒬 ∩ (𝑛 − 𝑐𝑙∗(ℍ)) ⊂ 𝒬 ∩ 𝔣 = ℍ. 

Therefore, ℍ = 𝒬 ∩ (𝑛 − 𝑐𝑙∗(ℍ)). 

(𝑏) ⟹ (𝑐): Now, (𝑛 − 𝑐𝑙∗(ℍ)) − ℍ =

ℍ𝓃
∗ − ℍ = ℍ𝓃

∗ ∩ (Γ − ℍ) = ℍ𝓃
∗ ∩

(Γ − (𝒬 ∩ (𝑛 − 𝑐𝑙∗(ℍ)))).  Let 𝔎 be a 

𝑛 − Op.S. such that (𝑛 − 𝑐𝑙∗(ℍ)) − ℍ ⊂
𝔎. Then ℍ𝓃

∗ ∩ (Γ − 𝒬) ⊂ ℍ and so 

(Γ − 𝒬) ⊂ (Γ − ℍ𝓃
∗ ) ∪ 𝔎. Since Γ − 𝒬 is 

𝑛𝐼𝑠𝛼𝑔 − Cl.S. and (Γ − ℍ𝓃
∗ ) ∪ 𝔎 is 𝑛 − 

Op.S., 𝑛 − 𝑐𝑙∗(Γ − 𝒬) ⊂ (Γ − ℍ𝓃
∗ ) ∪ 𝔎 

and ℍ𝓃
∗ ∩ (𝑛 − 𝑐𝑙∗(Γ − 𝒬)) ⊂ 𝔎. Since 

ℍ𝓃
∗ ∩ (Γ − 𝒬) ⊂ ℍ𝓃

∗ ,  (ℍ𝓃
∗ ∩ (Γ −

𝒬))
𝑛

∗
⊂ (ℍ𝓃

∗ )𝑛
∗ . Also, ℍ𝓃

∗ ∩ (Γ − 𝒬) ⊂

Γ − 𝒬 implies that (ℍ𝓃
∗ ∩ (Γ − 𝒬))

𝑛

∗
⊂

(Γ − 𝒬)𝑛
∗ ⊂ 𝑛 − 𝑐𝑙∗(Γ − 𝒬). Therefore, 

(ℍ𝓃
∗ ∩ (Γ − 𝒬))

𝑛

∗
⊂ ℍ𝓃

∗ ∩ (𝑛 − 𝑐𝑙∗(Γ −

𝒬)) ⊂ 𝔎. Hence, ((𝑛 − 𝑐𝑙∗(ℍ)) − ℍ)𝑛
∗ ⊂

𝔎 and so( 𝑛 − 𝑐𝑙∗(ℍ)) − ℍ is 𝑛𝐼𝑠𝛼𝑔 − 

Cl.S. 

(𝑐) ⟹ (𝑑): Since Γ − ((𝑛 − 𝑐𝑙∗(ℍ)) −
ℍ) = ℍ ∪ (Γ − (𝑛 − 𝑐𝑙∗(ℍ))), ℍ ∪
(Γ − (𝑛 − 𝑐𝑙∗(ℍ))) is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

(𝑑) ⟹ (𝑎): Since ℍ = (ℍ ∪ (Γ −

(𝑛 − 𝑐𝑙∗(ℍ)))) ∩ (𝑛 − 𝑐𝑙∗(ℍ)) and 𝑛 −

𝑐𝑙∗(ℍ) is 𝑛∗ − Cl.S., by hypothesis, ℍ is 

𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆. 
Remark 3.4 If 𝔣 is a 𝑛 − Op. subset of a 

𝑛ℐ Sp. (Γ, ℳ, 𝒥), then clearly 𝔣 is 𝑛𝐼𝑠α𝑔 −
𝐿⋆𝐶. 𝑆. The reverse implication is 

irrational.  

For instance, consider (Γ, ℳ, 𝒥) as in 

Example 3.2. If 𝒬 = {𝓇1, 𝓇3, 𝓇4} ; 𝔣 =
{𝓇1, 𝓇3} then 𝔣𝓃

∗ = {𝓇1, 𝓇3}. Clearly, 𝔣 is 

𝑛∗ − Cl.S. Here, 𝒬 ∩ 𝔣 = {𝓇1, 𝓇3} is 

𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆. but {𝓇1, 𝓇3} is not 

𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Theorem 3.5 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

and ℍ be a subset of Γ. If ℍ is 𝑛𝐼𝑠α𝑔 −
𝐿⋆𝐶. 𝑆. and 𝑛𝐼 − Dn.S., then ℍ is 𝑛𝐼𝑠𝛼𝑔 − 

Op.S. 
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Proof: If ℍ is 𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆., by 

Theorem 3.3(d), ℍ ∪ (Γ − (𝑛 − 𝑐𝑙∗(ℍ))) 

is 𝑛𝐼𝑠𝛼𝑔 − Op.S. Since ℍ is 𝑛𝐼 − Dn.S., 

then ℍ𝓃
∗ = Γ so that 𝑛 − 𝑐𝑙∗(ℍ) = Γ 

which implies that ℍ is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Corollary 3.6 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

and ℍ be 𝑛𝐼 − dense subset of Γ. Then ℍ 

is 𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆. if and only if ℍ is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Proof: The proof is trivial. 

Corollary 3.7 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

Then the underneath affirmations are 

analogous. 

(a)  Every subset of Γ is 𝑛𝐼𝑠α𝑔 −
𝐿⋆𝐶. 𝑆. 

(b)  Every ℳ∗ − Dn.S. is 𝑛𝐼𝑠𝛼𝑔 − 

Op.S. 

Proof: (𝑎) ⟹ (𝑏): The argument emerges 

from Theorem 3.3(d). 
(𝑏) ⟹ (𝑎): For any subset ℍ of Γ, 

consider 𝒬 = ℍ ∪ (Γ − (𝑛 − 𝑐𝑙∗(ℍ))). 

Then 𝑛 − 𝑐𝑙∗(𝒬) = 𝑛 − 𝑐𝑙∗(ℍ) ∪ (Γ −

(𝑛 − 𝑐𝑙∗(ℍ))) = Γ so that 𝒬 is ℳ∗ − 

Dn.S. By hypothesis, 𝒬 is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

By Theorem 3.3, ℍ is 𝑛𝐼𝑠α𝑔 − 𝐿⋆𝐶. 𝑆. 

4. 𝒏𝑰𝒔𝛂𝒈 − Submaximal Spaces 

Definition 4.1 A 𝑛ℐ Sp. (Γ, ℳ, 𝒥) is 

labeled as: 

(i)  𝑛𝐼 − Sub.Max. Sp. if every 

𝒩∗ − Dn.S. is 𝑛 − Op.S. 

(ii)  𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. if every 

𝒩∗ Dn.S. is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Example 4.2 Let Γ = {𝓇1, 𝓇2, 𝓇3, 𝓇4} ; 

Γ/ℛ = {{𝓇1}, {𝓇2, 𝓇3}, {𝓇4}} ; 𝒳 =
{𝓇1, 𝓇3} ; ℳ = {∅, Γ, {𝓇1}, {𝓇1, 𝓇2, 𝓇3}, 
{𝓇1, 𝓇2}}.  

(i)  Let 𝒥 = {∅, {𝓇1}, {𝓇3}, {𝓇4}, {𝓇1, 𝓇3}, 
{𝓇1, 𝓇4}, {𝓇3, 𝓇4}, {𝓇1, 𝓇3, 𝓇4}}. ℳ∗ − 

Dn.S.s are Γ, {𝓇1, 𝓇2}, {𝓇1, 𝓇2, 𝓇3}. In this 

case, every 𝒩∗ − Dn.S. is 𝑛 − Op.S. 

Therefore, (Γ, ℳ, 𝒥) is 𝑛𝐼 − Sub.Max. Sp. 

(ii)  Let 𝒥 = {∅, {𝓇2}, {𝓇3}, {𝓇4}, {𝓇2, 𝓇3}, 
{𝓇2, 𝓇4}, {𝓇3, 𝓇4}, {𝓇2, 𝓇3, 𝓇4}}. 𝑛𝐼𝑠𝛼𝑔 − 

Cl.S.s are ∅, Γ, {𝓇2}, {𝓇3}, {𝓇4}, {𝓇2, 𝓇3}, 
{𝓇2, 𝓇4}, {𝓇3, 𝓇4}, {𝓇2, 𝓇3, 𝓇4}. ℳ∗ −  

Dn.S.s are Γ, {𝓇1}, {𝓇1, 𝓇2}, {𝓇1, 𝓇3}, {𝓇1, 
𝓇4}, {𝓇1, 𝓇2, 𝓇3}, {𝓇1, 𝓇2, 𝓇4}, {𝓇1, 𝓇3, 𝓇4}. 

In this case, every ℳ∗ − Dn.S. is 𝑛𝐼𝑠𝛼𝑔 − 

Op.S. Therefore, (Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp. 

Proposition 4.3 Every 𝑛𝐼 − Sub.Max. Sp. 

is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. 

Proof: Let (Γ, ℳ, 𝒥) be 𝑛𝐼 − Sub.Max. 

Sp. That is, every 𝒩∗ − Dn.S. is 𝑛 − 

Op.S. Since every 𝑛 − Op.S. is 𝑛𝐼𝑠𝛼𝑔 − 

Op.S., (Γ, ℳ, 𝒥) be 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. 

Sp. 

Reamrk 4.4 A 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. 

need not be a 𝑛𝐼 − Sub.Max. Sp. For 

instance, in the Example 4.2 (ii),  
(Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. but 

not 𝑛𝐼 − Sub.Max. Sp. 

Definition 4.5 A subset ℍ of a 𝑛ℐ Sp. 
(Γ, ℳ, 𝒥) is labeled as ℳ∗ − codense if 

its complement Γ − ℍ is ℳ∗ − Dn.S.  

Example 4.6 In the Example 4.2 (i), 

Γ, {𝓇1, 𝓇2}, {𝓇1, 𝓇2, 𝓇3} are ℳ∗ − Dn.S. 

Therefore, their complements 

∅, {𝓇4}, {𝓇3, 𝓇4} are ℳ∗ − codense. 

Theorem 4.7 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

Then the underneath affirmations are 

analogous. 

(i)  (Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp.  

(ii) Every ℳ∗ − codense subset ℍ 

of Γx is 𝑛𝐼𝑠𝛼𝑔 − Cl.S. 

Proof: (𝑖) ⟹ (𝑖𝑖): Assume that (Γ, ℳ, 𝒥) 

is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. Let ℍ be a 

ℳ∗ − codense subset of Γ. Then its 

complement ℍ𝒸 is ℳ∗ − Dn.S.  Since 
(Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp., ℍ𝒸 is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. Therefore, ℍ is 𝑛𝐼𝑠𝛼𝑔 − 

Cl.S. 
(𝑖𝑖) ⟹ (𝑖): Assume that every ℳ∗ − 

subset of Γ is 𝑛𝐼𝑠𝛼𝑔 − Cl.S. Let ℍ be a 

ℳ∗ − dense subset of Γ. Therefore, its 

complement ℍ𝒸 is ℳ∗ − codense so that it 

is 𝑛𝐼𝑠𝛼𝑔 − Cl.S. which implies ℍ is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. Hence, (Γ, ℳ, 𝒥) is 

𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. 
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 Theorem 4.8 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

Then the underneath affirmations are 

analogous. 

(i)  (Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp. 

(ii) Every 𝑝𝑟𝑒 − 𝑛𝐼 − 𝑜𝑝𝑒𝑛 set is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Proof: (𝑖) ⟹ (𝑖𝑖): Assume that the 𝑛ℐ Sp. 
(Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. and 

ℍ ⊆ Γ be 𝑝𝑟𝑒 − 𝑛𝐼 − 𝑜𝑝𝑒𝑛. Then ℍ =
𝒬 ∩ 𝔎, 𝒬 ∈ ℳ and 𝔎 is ℳ∗ − Dn. S. 
Since Γ is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp., 𝔎 is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. Since the intersection of 

two 𝑛𝐼𝑠𝛼𝑔 − Op.S. is a 𝑛𝐼𝑠𝛼𝑔 − Op.S., ℍ 

is 𝑛𝐼𝑠𝛼𝑔 − Op.S.  
(𝑖𝑖) ⟹ (𝑖): Let ℍ be ℳ∗ −  Dn.S. in 
(Γ, ℳ, 𝒥). By hupothesis, ℍ is 𝑝𝑟𝑒 − 𝑛𝐼 −
𝑜𝑝𝑒𝑛 which implies that ℍ is 𝑛𝐼𝑠𝛼𝑔 − 

Op.S. Hence, (Γ, ℳ, 𝒥) is 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp. 

Theorem 4.9 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

Then the underneath affirmations are 

analogous. 

(i) (Γ, ℳ, 𝒥) is a 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp. 

(ii)  For every subset ℍ ⊂ Γ, if ℍ 

is not a 𝑛𝐼𝑠𝛼𝑔 − Op.S., then 

ℍ = 𝑛 − 𝑖𝑛𝑡(𝑛 − 𝑐𝑙∗(ℍ)) ≠

∅. 

(iii)  𝜁 = {𝒬 − ℍ: 𝒬 is 𝑛𝐼𝑠𝛼𝑔 − 

Op.S and 𝑛 − 𝑖𝑛𝑡∗(ℍ) = ∅} 

where 𝜁 is the family of all 

𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Proof: (𝑖) ⟹ (𝑖𝑖): Suppose that ℍ −

(𝑛 − 𝑖𝑛𝑡(𝑛 − 𝑐𝑙∗(ℍ))) = ∅. Then ℍ ⊂

𝑛 − 𝑖𝑛𝑡(𝑛 − 𝑐𝑙∗(ℍ)) which implies ℍ is 

𝑝𝑟𝑒 − 𝑛𝐼 − 𝑜𝑝𝑒𝑛. Since Γ is 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp., ℍ is 𝑛𝐼𝑠𝛼𝑔 − Op.S. which 

is a contradiction. Hence, ℍ − (𝑛 −

𝑖𝑛𝑡(𝑛 − 𝑐𝑙∗(ℍ))) ≠ ∅.  

(𝑖𝑖) ⟹ (𝑖): Let ℍ be 𝑝𝑟𝑒 − 𝑛𝐼 − 𝑜𝑝𝑒𝑛. 

Suppose that ℍ is not 𝑛𝐼𝑠𝛼𝑔 − Op.S. Then 

by hypothesis, ℍ = 𝑛 − 𝑖𝑛𝑡(𝑛 −

𝑐𝑙∗(ℍ)) ≠ ∅ which implies that ℍ ⊈

(𝑛 − 𝑖𝑛𝑡(𝑛 − 𝑐𝑙∗(ℍ))) which is a 

contradiction. Hence, ℍ is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

which implies that (Γ, ℳ, 𝒥) is a 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp. 
(𝑖) ⟹ (𝑖𝑖𝑖): Assume that 𝜂 = {𝒬 − ℍ: 𝒬 

is 𝑛𝐼𝑠𝛼𝑔 − Op.S and 𝑛 − 𝑖𝑛𝑡∗(ℍ) = ∅}.  

Let 𝔎 ∈ 𝜁. Since 𝔎 = 𝔎 − ∅ and 𝑛 −
𝑖𝑛𝑡∗(∅) = ∅ then 𝜁 ⊂ 𝜂. Let 𝔎 ∈ 𝜂. Then 

𝔎 = 𝒬 − ℍ, where 𝒬 is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

and 𝑛 − 𝑖𝑛𝑡∗(ℍ) = ∅. Then 𝔎 = 𝒬 ∩
(Γ − ℍ). Since 𝑛 − 𝑖𝑛𝑡∗(ℍ) = ∅, Γ −
(𝑛 − 𝑖𝑛𝑡∗(ℍ)) = 𝑛 − 𝑐𝑙∗(Γ − ℍ) = Γ. 

Since Γ is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp., Γ − ℍ 

is 𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. Therefore, 𝔎 is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. Hence, 𝜂 ⊂ 𝜁.  
(𝑖𝑖𝑖) ⟹  (𝑖): Let ℍ be a 𝑝𝑟𝑒 − 𝑛𝐼 − 𝑜𝑝𝑒𝑛 

set. Then ℍ = 𝔎 ∩ 𝒬, where 𝔎 is 𝑛 − 

Op.S. and 𝒬 is ℳ∗ − Dn.S. Hence, 𝑛 −
𝑐𝑙∗(𝒬) = Γ and so 𝑛 − 𝑖𝑛𝑡∗(Γ − 𝒬) = ∅. 

This implies ℍ = 𝔎 − (Γ − 𝒬) and 𝑛 −
𝑖𝑛𝑡∗(Γ − 𝒬) = ∅. Since every 𝑛 − Op.S. 

is 𝑛𝐼𝑠𝛼𝑔 − Op.S., 𝔎 is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Hence, ℍ is 𝑛𝐼𝑠𝛼𝑔 − Op.S. 

Theorem 4.10 Let (Γ, ℳ, 𝒥) be a 𝑛ℐ Sp. 

Then the underneath affirmations are 

analogous.  

(i)  (Γ, ℳ, 𝒥) is a 𝑛𝐼𝑠𝛼𝑔 − 

Sub.Max. Sp. 

(ii) 𝑛 − 𝑐𝑙∗(ℍ) − ℍ is 𝑛𝐼𝑠𝛼𝑔 − 

Cl.S. for every ℍ ⊂ Γ. 

Proof: (𝑖) ⟹  (𝑖𝑖): Let (Γ, ℳ, 𝒥) be a 

𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. and ℍ ⊂  Γ. 

Consider Γ − ((𝑛 − 𝑐𝑙∗(ℍ)) − ℍ) =
(Γ − (𝑛 − 𝑐𝑙∗(ℍ))) ∪ ℍ. Then 𝑛 −

𝑐𝑙∗(Γ − (𝑛 − 𝑐𝑙∗(ℍ) − ℍ)) = 𝑛 −

𝑐𝑙∗ ((Γ − 𝑛 − 𝑐𝑙∗(ℍ)) ∪ ℍ) ⊂ (Γ −

(𝑛 − 𝑐𝑙∗(ℍ))) ∪ 𝑛 − 𝑐𝑙∗(ℍ) = Γ. Thus, 

𝑛 − 𝑐𝑙∗(Γ − (𝑛 − 𝑐𝑙∗(ℍ) − ℍ)) = Γ. 

Hence, Γ − ((𝑛 − 𝑐𝑙∗(ℍ)) − ℍ) is 

𝑛𝐼𝑠𝛼𝑔 − Op.S. which implies that 𝑛 −
𝑐𝑙∗(ℍ) − ℍ is 𝑛𝐼𝑠𝛼𝑔 − Cl.S. for every 

ℍ ⊂  Γ. 

(𝑖𝑖) ⟹  (𝑖): Suppose that (ii) holds. Let ℍ 

be ℳ∗ −  Dn.S. in (Γ, ℳ, 𝒥). Since (𝑛 −
𝑐𝑙∗(ℍ)) − ℍ is 𝑛𝐼𝑠𝛼𝑔 − Cl.S. for every 
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ℍ  ⊂  Γ, Γ − ℍ is 𝑛𝐼𝑠𝛼𝑔 − Cl.S. which 

implies that ℍ is a 𝑛𝐼𝑠𝛼𝑔 − Op.S. for 

every ℍ ⊂  Γ. Hence, (Γ, ℳ, 𝒥) is a 

𝑛𝐼𝑠𝛼𝑔 − Sub.Max. Sp. 
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