ON INTUITIONISTIC GENERALIZED a-CLOSED SETS AND
a-OPEN SETS

ABSTRACT

The main objective of this paper is to introduce the concepts Intuitionistic generalized o-
closed sets and intuitionistic generalised a-open sets in intuitionistic topological spaces.
Various properties and characteristics are given. ......
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Introduction and Preliminaries

In 1996, Coker[1] introduced the
idea of “intuitionistic sets." This is a
discrete version of an intuitionistic fuzzy
set in which every set is a crisp set.
However, it has degrees of membership and
non-membership, therefore this idea offers
us more adaptable methods for expressing
ambiguity in  mathematical  objects,
including those in engineering areas with
conventional set logic. The idea of
intuitionistic topological spaces based on
intuitionistic sets, which is a traditional
version of the idea in intuitionistic fuzzy
topological spaces, was also introduced by
Coker[2] in 2000. He also looked at
compactness and the  fundamental
characteristics of continuous functions.
There are already a number of pertinent
papers in the literature.

In this work, we summarise
several ideas and findings from [1,2].

Definition 1.1: [1] Consider a nonempty
fixed set X. An intuitionistic set (IS for
short) S is an object having the form

S=<X,8,S>

where Sy and S; are subsets of X satisfying
S1tNS2=¢. The set Sy is called the set
of members of S, while S is called the
set of nonmembers of S.

Example 1.2: [1] Every subset S of a
nonempty set X is obviously an IS
having the form <X, S, S°> where
S¢=X-S.

Definition 1.3: [1] Consider a
nonempty set X, and let § = < X, $1,52>
and T =<X,T1,T2>be IS’s. Then

cyTifandonlyif S;cTy;

c OTifand only if S; oT;

cTifandonlyif ST and

coT;

= Tifandonly if ST and

<S;

(6) S=< X, Sz, S1> is called the
complement of §  or
denoted as S¢;
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) §T=<X, S1NT1, SoUT2>;

@ SUT=<X S1UTy, SeNT2>;

() §-T=8NT,
Definition 1.4: [1] Consider a nonempty
set Xand { Si: i € J} be an arbitrary family
of IS's in X, where §i=<X, Si{®, §{® >
Then

(@) USi=<X, USi®, NS > and
(b) NSi=<X, "Si®, USi@ >,

Definition 1.5: [1] Consider a nonempty
set X. Then ¢ =< X, ¢, X > and X =<X,
X, ¢ >.

The fundamental properties of
inclusion and complementation are as
follows:

Lemma 1.6: [1] Let 4, B, C and Ai
be IS's in X (ie J). Then

(@ AcBand B cC =AcC
(b)Ai cBfor each ie J =uU 4

cB

(c)BcAi for each ie J
= BcNAi

(U4, =n4,

@nA, =UA4,
MAcBeoBcA

@@A) =4

¢ =X

X =9

Definition 1.7: [2] An intuitionistic
topology t (IT for short) on X is a family
t of IS’s in X satisfying the following
axioms:

(Tl)a,f e,
(T2) G1n G2 etforany G1, G2 et
and

(Ts) wGi et for any arbitrary
family {Gi: i eJ}c .

The pair (X, 1) is called an intuitionistic
topological space (ITS for short) and any
IS in 7 is called an intuitionistic open set
(10S for short) in X.

Definition 1.8: [2] Consider the ITS (X,
t)and § =< X,S1,S2>bean ISin X. Then
the interior and closure of S are defined
by

cl(S) ={G: Gisan ICSin X and
Sc G} and

int(S) = U{H: Hisan 10S in X and
Hc S}

It is also clear that cl(S) is an ICS and
int(S) is an 10S in X, and S is an ICS in
X ifand only if cl(S)=S5;and S isan 10S
in X if and only if int(S) = S.

Lemma 1.9: [2] Forany IS S in (X,1), we
have cl(S) = int(S) and int(S) = cl(S)

Lemma 1.10: [2] Consider the ITS (X, 1)
and S, T be IS’s in X. Then

(a)int(S) < S

(b)S < cl(S)

©)Sc T =int(S) cint(T)

d)S =T =cl(S) ccl(T)

(e) int(int(S)) = int(T)

(f) cl(cl(S)) = cl(S)

(@)int(SN T) = int(S) N int(T)

(h)cl(SUT) = cl(S) wcl(T)

(i) int(X) =X

() ol (9)= _
Definition 1.11: [5] A subset S of an
intuitionistic topological space (X,t) is
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said to be Intuitionistic a-open (IaO for
short) if S int(cl(int(S))) and a-closed
(IoC for short) if cl(int(cl(S)))c S.

The intuitionistic a-closure of S is the
intersection of all intuitionistic a-closed
sets of X containing S, and is represented
by lacl(S).

The o- interior of Sis the union of all
intuitionistic a-open sets of X contained
in S, and is represented by laint(4).

2. Intuitionistic Generalised a-closed
sets

Here we present intuitionistic
generalised a-closed sets and investigate
some of their features.

Definition 2.1: Let us consider the ITS
(Xt)and let S bealSinX. Aset § is
called an intuitionistic generalised o-
closed set if lacl(S) < U whenever
ScU and U isa-openinX.

The family of all intuitionistic
generalised a-closed sets (IGaCS for
short) of an ITS (X,t) is denoted by
1GaC(X).

Example 2.2: Consider the set X =
where P= <X, {r}{p.q}> Q= <X,
ph{arky> R=<X {pr}{a}> IfU=<
X, {p.,r}, {o}>, then int( U) =<
X, {p,r},{q} >,cl (int(ﬁ)) =

X, int (cl(int(U))) =

X>5U. Therefore U is an 1a0OS in (X, 1).
Let § = < X, {p}, {q.r}> be an
intuitionistic subset of Uin (X, 1).

lacl(S) =< X,{p,q},{r} > and
Tacl(S) cU.

Therefore, S is an intuitionistic
generalized o-closed set in (X, 1).

Theorem 2.3: Al ICS in (X, 1) is IGa.CS.

Proof: The proof is clear.

From Example 2.4, we can show that the
converse of the above Theorem 2.3 is
false.

Example 2.4: Look at the ITS (X, 1) in
the Example 2.2. If U = < X, {p.r}, {¢}>,
then int( 0N =<X1{pr}L{q}>
,cl (int(U)) = X, int (cl(int(U))) =
X>U. Therefore U is an 1aOS in (X, 7).
Let § =< X, {1}, {3}> be an intuitionistic
subset of Tin (X, 1). Iacl(S) =<
X,{1,2},{3} > and Tocl(S) cU.
Therefore, S is an intuitionistic
generalized o-closed set in (X, 1), but not
ICS in (X,7),since, cl(8)=<
X, {p,q}{r} >=+S.

Theorem 2.5: Every IaCS in (X, 1) is
1IGaCS.

Proof: The proof is clear.

From Example 2.6, we can show that the
converse of the above Theorem 2.5 is
false.

Example 2.6: Look at the ITS (X, 1) in
the Example 2.2. If U =< X, {p,q}, {¢}>,
then int( 0 =<X,{p}{q.1}>,
cl (int(U)) = X, int (cl(int(U))) =

X>U. Therefore, U is an IaOS in (X, 7).
Let S = < X,{q}, {r}> be an intuitionistic
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subset of Tin (X, 1). Iacl(S) =<
X, {p,q},{r} > and lacl(S) < U.
Therefore, S is an intuitionistic
generalized o-closed set in (X, 1), but not
laCS  in X, 1), since

cl (int (cl( S ))) =< X,{pq},{r} > ¢
S.

Remark 2.7: If A and B are IGaCSs
then A UB is also an IGaCS.

Example 2.8: Look at the ITS (X, 1) in
the Example 2.2. If U =< X, {p,q}, {o}>,
then int( 0 =<X1{pq}{r}>
,cl (int(U)) = X, int (cl(int(ﬁ))) =

X>5U. Therefore U is an 1aOS in (X, 1).
Then the 1Ss A=<X{q}{r}>
and B =< X,{p},{r} > are IGoCSs
and A UB =< X,{pq}{r}>.
Therefore, A UB is an IGaCS on (X, 7).

Theorem 2.9: Consider the ITS (X, 1)
and let M be an IGoCS in (X, 7). Suppose
that

N is an IaCS.Then M NN is an IGaCS

Example 2.10: Consider the ITS (X, 1) in
the Example 2.2. Let4d = < X,{q},{r} >
be an IGaCS and B = < {q},{p} > be
an IoCS. Then ANB =<
X,{q},{p,r} >. Therefore, A "B is an
IGaCS on (X, 1).

We characterize Iga-closed
sets in the following theorem.

Theorem 2.11: Consider the ITS (X, 7).
LetA be an IS. A is IGaCS if

and only if lacl(A)— A4
contains no non-empty IaCS.

Proof: Let B be an loaclosed
subset of lacl(4A)— 4.

Now AcX —B and since
A isIGaCS, we have
lacl(A)cX — B or

B <X —Iacl(4). Therefore,
B clacl(A)N ()7 - Iacl(/T)) = ¢
Thus Bis empty.
Conversely, Let
A cU where U is an [a0S in X.

If Tacl(A) not contained in
U,then Tacl(A)NU = ¢.

Now since (Iacl(ﬁ))n()?—f])
clacl(A)—

A and (Iacl(ﬁ))m(f—ﬁj is a
non-empty IaCS. This gives a
contradiction.

Theorem 2.12: Consider the ITS (X, 7).
Let A be an IGaCS in (X, ). Then
A isanlaCS iff Tacl(A)— A isan
[aCS.

Proof:

Necessary: Let
AbeanlaCS.Thenlacl(A) — A =
¢ which is an IaCS.

Sufficiency: Let Jacl/(A)— A be an
IaCS and A beanlIGaCS. Then
Tacl(A)— A does not contain any
non-empty 1GaCS. Because Jacl(A) —
A is an IaCS.

Toacl(A)Y— A = ¢. Therefore, A4 is
an laCS.
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Theorem 2.13: Consider the ITS (X, 7).
Supposethat B cA <X, B isanIGaCS
relative to A and that is A an 1Ga-closed
subset of X . Then B is an IGaCS relative
to X.

Proof: Let BcU and suppose
that U is 1aOS in X. Then
BcANU and hence Iacl;(B) <

ANTU. It follows that
A Nlacl(B)c ANTU and
AcUuX — lacl(B). Since,
AisIGAaCSinX, we have
Iacl(A)cU X — lacl(B).
Therefore,

locl(B)dacl(A)cU uX —
lacl(B) and Iacl(B)cU.

Theorem 2.14: Consider the ITS (X, 7).
If A is IGoCS and A cBclacl(4),
then B is IGaCS.

Proof: Let Abe an IGaCS. lacl(B) —
Bclacl(Ad)—A4  and since
lacl(A)— A has no nonempty
IaC subsets, neither does Ja.c/(B) — B.
Apply Theorem 2.11.

Theorem 2.15: Consider the ITS (X, 7).
and AcYcX. IfA is IGoCS in
X ,then 4 is 1GaCS relative to Y.

Proof: Let A <Y U and suppose that U
is lo-open in X. Then AcU.
Therefore lacl(A)cU. It follows
that X Nlacl(A)cY T .

3. Intuitionistic Generalised a-open
sets

Here we present intuitionistic generalised
o-open sets and investigate some of their
features.

Definition 3.1: Consider the ITS (X, 7).
Let A bealSinX. Aset A issaid to be
Intuitionistic generalised a.-open set if the

complement A is an intuitionistic
generalised a-closed set in X. The family
of all intuitionistic generalised o-open
sets (IGaOS for short) of an ITS (X ,7) is
denoted by IGaO(X).

Example 3.2: Let X = {p,q,r} and

where P= <X, {r}{p.q}>, Q= <X,

{p},{q,r}>, R= <X, {p,r},{q}>. Let S =
f X, {p}, {¢}> be an IS in (X, 1) and

S=<X, {¢}, {p}> which is an
IGoCS in X.

Therefore S is an intuitionistic
Generalized o-open set in (X, 1).

Theorem 3.3: Forany ITS (X,1), we have
the following:

a) Every 10S in (X, 1) is

IGaOS.

b) Every 1aOS in (X, 1) is
IGaOS

C) Every intuitionistic

regular open set in (X, 1)

is IGaOS. But the

converses are not true.
Proof: Straightforward

Example 3.4: Look at the ITS (X, 1) in
the Example 22. Let S=<
X, {p,7},{¢} > be any IS in (X, ).
Here S is an IgaOS in (X, 1), but not I0S
in (X, 1).
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Example 3.5: Look at the ITS (X, 1) in
the Example 2.2. Let S = < X, {r}, {q} >
be any IS in (X, t). HereSisan
IGoOS in (X, 1), but not Io.OS in (X, 1).
Here Sis an 1GoOS in (X, 1), but not
160S in (X, ).

Example 3.6: Look at the ITS (X, 1) in
the Example 2.2. Let $ = < X, {r}, {p} >
be any IS in (X, t). Here S is an IGaOS
in (X, 1), but not IROS in (X, 7).

We characterize lga-open sets
in the following theorem.

Theorem 3.7: Consider the ITS (X, 1)
andlet A beanISinX. 4 is IGaOS iff
U < laint( A) whenever U is IGa.CS and

A—B = ANB and U A.
Proof: LetAbe an 1GaOS.

Suppose UcAand UisloCS. By
Definition X—A4is an IGaCS.
Also X —Ais contained in the
Intuitionistic o open set X — U.

This implies lacl(X—A4) X -
U.

Now, lacl(X—4A) = X—
laint(A).

Hence X —Iaint(A)cX—U. That
is Uc Iaint(A).

Conversely suppose U is an

IGaCS with
Uclaint(A)whenever U4, it
follows that X—-AKX-

Uand X — Iaint(A)c X—1TU.
That is Tacl(X—A) X -T.

Hence X-A4 is IGaCS.
Therefore A becomes 1Ga0S.

Theorem 3.8: Consider the ITS (X, 7). If
A and B are separated IGaOSs, then
AUB is 1GoOS in X.

Proof: LetU be an IaCS of ACUB.
Then Jn
Iacl(A) cA and hence Ulacl(4)
dacl(A) N (AUB)c Aug = A.
Similarly, U lacl(B)cB.
Hence Ulacl(4) cdaint(A)
and Ulacl(B)claint(B).

Hence

(T nA)u(UNB)
c(Unlacl(A)) v (UNlacl(B)) <
Taint(A) Ulaint(B)

claint(AUB)

Hence by Theorem 3.7, ACB is 1GoOS.

U= Un(ALB) =

Theorem 3.9: Consider the ITS (X, 7). If
laint(4) cBcA and A is an 1Ga0S,
then B is an 1GaOS.

Proof: By hypothesis, Ac Ecm
That is Zg ng—lacl(/i) =
Tocl (A)

Now 4 is an IGaCS and hence by
Theorem 3.7, B is an 1GaOS.

Theorem 3.10: Let (X,1) be an ITS and
A be a IGaCS in X if and only if
Tocl(A) — A4 isan IGaOS.

Proof: If 4 is IGaCS and U is an
IaCS such that Uclacl(4A)—A4
then by Theorem 2.13, U=
¢ and hence Uc Iaint(lacl(A) — A).

Hence Tacl(4)— A)is an1GaOS.

Conversely suppose Tacl(4)—
Ais an 1GaOS.
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Let A <O where 0 ¢ 1Ga0(X).
That is
Tacl(A) Nn0Cclacl(A) nAC
Thus Iacl(A) n0O° is an TaCS.
Tacl(A) NA® = Tacl(4A)—A
Therefore, by theorem 3.7,
Tacl(A) N0C < Taint(lacl(A)—
A)=¢. o )
Hence ITacl(A) <O and A is an
IGaCS.

Lemma 3.11: Let (X,7) be an ITS. A set
A is 1GaOS if U claint(A )whenever
UisanlaCSand UcA .

Theorem 3.12: Consider the ITS (X, 7).
AsetA is IGaOS in (X,1)if and only
if U =X wheneverU is 1aOS
and laint(AuX —4)cU.

Proof: Suppose that U is 1cOS and that
laint(AUX —A)) cU.NowX —U
c Tocl(X —A) NA = lacl(X —
A)— (X —A). Since X —U is laCS
and (X — 0)is IGaCS, by Theorem 3.13
it followsthat X —4 = gorX =1U.

Suppose that is F a laCS and F cA . By
Lemma 3.13, it is sufficient to show that
F claint(4). Now laint(4 /X —
A)) c laint(A (X — F)) and hence
laint(A /X —F))= X. it follows
that F claint(4).
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